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We show that a wide class of stochastic processes on Rd deﬁne currents for which we study
the Sobolev regularity. This problem is associated to the pathwise deﬁnition of stochastic
integrals.
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Our subject of investigation are the stochastic integrals of the form
CðjÞ ¼
Z T
0
hjðX tÞ;dX ti,
where ðX tÞt2½0;T  is a stochastic process in Rd and j is a smooth 1-form on Rd with
compact support. When this integral is interpreted as a linear mapping j 7!CðjÞ onsee front matter r 2005 Elsevier B.V. All rights reserved.
.spa.2005.04.007
nding author. Tel.: +39050500065; fax: +3905049344.
dress: m.gubinelli@dma.unipi.it (M. Gubinelli).
ARTICLE IN PRESS
F. Flandoli et al. / Stochastic Processes and their Applications 115 (2005) 1583–16011584the space of 1-forms an interesting question is to understand whether this mapping
has a pathwise meaning and is (pathwise) linear continuous in some topology.
The pathwise meaning of stochastic integrals is the main subject of Lyons theory
of integration; a preliminary attempt, motivated by this theory, to lie out some links
between it and the theory of currents (the main tool of geometric measure theory)
yielded us to the results presented here about the regularity of a wide class of
stochastic currents (see [15,12,11] as basic references on rough path theory and
geometric measure theory, respectively).
By a rather elementary argument, we are able to prove that all semimartingales
and Lyons–Zheng processes deﬁne 1-currents.
The qualitative part of this result is a by-product of Lyons theory (and also of a
theorem of Minlos [4]) even if it was not explicitly stated in the language of currents;
our contribution here is a precise estimate of the Sobolev regularity of such currents.
The topology on the 1-forms that we are able to consider is the Hs topology for
s4d=2 or s4d=2þ 1 depending on some conditions on the stochastic process.
What is more remarkable is that, at least in the case of Brownian motion, we can
specify the optimal regularity:
Theorem 1. With probability one, a Brownian path defines a 1-current of Sobolev class
HsðRd ;Rd Þ for every s4d=2. On the contrary, for any spd=2 the current does not
belong to HsðRd ;RdÞ.
This latter result can be seen as an additional property of Brownian motion,
similar to the usual regularity (and lack of thereof) results of its trajectories in Ho¨lder
or Sobolev spaces.
Let us compare this result with the analogous ones from the theory of rough paths.
An easy by-product of rough path integration is that currents based on rough paths
with ﬁnite p-variation are continuous in the Cp1 topology on 1-forms. For example,
in the case of Brownian motion, we can allow for any p42 and as a result we have
pathwise continuity in the class of C1þe 1-forms for any e40. However, as far as the
authors are concerned, we do not know any counterexample showing that C1þe is
optimal (in the Ho¨lder classes). In contrast, we prove, in the case of Brownian
motion, pathwise continuity in Hs for every s4d=2, and absence of pathwise
continuity for sod=2.
Moreover, notice that Hs  Ce, for s4d=2 (and 0oeos  d=2). Therefore, our
result is not just the Sobolev analog of Lyons result and is not implied by it by
Sobolev embedding. It contains a new kind of information which opens the question
whether the C1þe topology is really optimal. However, let us also recall that Lyons’
theory includes results of continuous dependence on the rough path (not only on j)
in the p-variation topology, results that we cannot approach with our simple method;
a key role of the C1þe topology could appear in this direction.
Finally, we had a second motivations for studying the previous problems: the
regularity of random vortex ﬁlaments introduced in (see [6–8]). The regularity in the
sense of currents clariﬁes the conditions for ﬁnite kinetic energy found in these
references and gives us additional regularity results depending on the properties of
the cross section of the ﬁlament.
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2.1. Deterministic currents
In this subsection we brieﬂy recall a few deﬁnitions of geometric measure theory
used in the sequel. More informations can be found in [3,18,21,11].
We shall denote the Euclidean norm and scalar product in Rd (d is ﬁxed
throughout the paper) by j  j and h; i, respectively.
Let Dk be the space of all inﬁnitely differentiable and compactly supported k-
forms on Rd . A k-dimensional current is a linear continuous functional on Dk. We
denote by Dk the space of k-currents. In this paper we are only interested in the case
k ¼ 1, so we recall a few corresponding notations. Let j be an element of D1. We
shall write it as
j ¼
Xd
i¼1
ji dx
i,
where fjigi¼1;...;d are inﬁnitely differentiable and compactly supported functions
on Rd . Typical examples of 1-currents are those induced by regular curves ðX tÞt2½0;T 
in Rd :
j 7!SðjÞ :¼
Z T
0
hjðX tÞ; _X tidt.2.2. Stochastic currents
Let ðX tÞt2½0;T  be a continuous semimartingale with values in Rd . To each smooth
1-form j on Rd we may associate the random variable
SðjÞ :¼
Z T
0
hjðX tÞ; dX ti, (1)
where the integral is understood in the sense of Stratonovich. The mapping j 7!SðjÞ
is continuous with respect to the convergence in probability. Motivated by this basic
example it looks reasonable to give the following deﬁnition.
Deﬁnition 3. Given a complete probability space ðO;A;PÞ, a stochastic k-current is
a continuous linear mapping from the space Dk to the space L0ðOÞ of real valued
random variables on ðO;A;PÞ, endowed with the convergence in probability.
The usual classes of stochastic processes considered in stochastic analysis give rise
to stochastic 1-currents: semimartingales, Lyons–Zheng processes, processes with
ﬁnite p variation (for suitable p), fractional Brownian motion (for suitable Hurst
parameter), certain Dirichlet processes.
At this level it is difﬁcult to see an interesting relation with classical geometric
measure theory. The link arises if we try to understand the previous stochastic
integrals in a pathwise sense. So we introduce the following deﬁnition.
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realization if there exists a measurable mapping
o 7!SðoÞ
from ðO;A;PÞ to the space Dk of deterministic currents (endowed with the natural
topology of distributions), such that
½SðjÞðoÞ ¼ ½SðoÞðjÞ for P-a:e: o 2 O. (2)
for every j 2 Dk.
In terms of these deﬁnitions we may reformulate the problem of the introduction
as follows: given a stochastic process ðX tÞt2½0;T , does there exist a pathwise
realization SðoÞ of the associated stochastic 1-current SðjÞ deﬁned by (1)?
The existence of a pathwise realization is a difﬁcult problem. The difﬁculty is
described in the Remark 7 in terms of selection of representatives in the equivalence
classes of stochastic integrals. In the theory of stochastic processes this is the
problem of existence of a continuous modiﬁcation of a given random ﬁeld ðXjðoÞÞ.
Here the parameter of the ﬁeld is j 2 Dk, so the parameter space is inﬁnite
dimensional and well-known criteria like the Kolmogorov regularity theorem do not
apply (some generalizations are known in the literature but their effective use is very
limited). The problem of existence of a continuous modiﬁcation of a random ﬁeld
with inﬁnite dimensional parameter space has been studied and some general ideas
have been developed, but usually it is better to ﬁnd out ad hoc methods, as we shall
do. We just recall now two general criteria from [22] (see also [5]).
Lemma 5. Let j 7!SðjÞ be a linear continuous mapping from a separable Banach
space E to L0ðOÞ (with the convergence in probability). Assume that there exists a
random variable CðoÞ such that for all given j 2 E we have
jSðjÞðoÞjpCðoÞkjkE for P-a:e: o 2 O.
Then there exists a measurable mapping o 7!SðoÞ from ðO;A;PÞ to the dual E0 such
that for all given j 2 E we have (2) (hence SðoÞ is a pathwise realization of SðjÞ).
We shall use this criterium in the next section. It is not very powerful since its
assumption is a pathwise estimate (it is almost a tautology). The proof is elementary
and can be found in the above-mentioned references. More interesting is the
following criterium since it is based on an assumption in mean square. However, in
the next section we shall not use it directly but an ad hoc argument based on Fourier
transform, that looks more ﬂexible. We sketch the proof (contained in [22,5]), for
comparison with the method of the next section.
Lemma 6. Let j 7!SðjÞ be a linear continuous mapping from a separable Hilbert
space H to L2ðOÞ. Assume that it is Hilbert–Schmidt: for some complete orthonormal
system feig in H we haveX1
i¼1
jSðeiÞj2L2ðOÞo1.
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vector of H, such that for all given j 2 H we have (2)
Proof. Schwartz inequality gives us
jSðjÞðoÞj2 ¼
X1
i¼1
SðeiÞðoÞhj; eiiH


2
p
X1
i¼1
jSðeiÞðoÞj2
X1
i¼1
hj; eii2H
¼ CðoÞkjk2H .
The non-negative (a priori possibly inﬁnite) r.v. CðoÞ has ﬁnite mean by assumption,
then it is ﬁnite a.s. So we may apply the ﬁrst lemma. &
3. Paths of semimartingales and Lyons–Zheng processes deﬁne 1-currents
3.1. The case of semimartingales
In the sequel we tacitly assume that processes are deﬁned on a complete
probability space ðO;A;PÞ, with expectation denoted by E. We also assume that a
standard ﬁltration F ¼ ðFtÞ is given, so that concepts like martingale or
adaptedness are referred to this ﬁltration.
For the deﬁnition of semimartingale and corresponding integrals, see [19,13] or
many other references. We just recall a few facts directly used below. A continuous
semimartingale ðX tÞt2½0;T  is the sum of a continuous local martingale ðMtÞ and a
continuous adapted process of bounded variation ðV tÞ. The decomposition is
unique. Given a continuous adapted process ðY tÞ in Rd , the Itoˆ integral
R T
0 hY t; dX ti
is deﬁned asZ T
0
hY t;dX ti :¼
Z T
0
hY t; dMti þ
Z T
0
hY t; dVti
and similarly for the Stratonovich integral
R T
0 hY t; dX ti, where now ðY tÞ is assumed
to be either a continuous semimartingale or Y t ¼ jðX tÞ with the 1-form j is of class
C1 (one can unify these two cases with the language of Dirichlet processes). The
previous integrations in dVt are classical pathwise integrations in the Riemann–
Stieltjes sense, while the integrals with respect to ðMtÞ are the following limits in
probability (they exist under the previous assumptions on ðY tÞ):Z T
0
hY t; dMti :¼P- lim
n!1
X
ti 2pn
hY ti ; Mtiþ1  Mti i,
Z T
0
hY t; dMti:¼P- lim
n!1
X
ti2pn
Y tiþ1 þ Y ti
2
; Mtiþ1  Mti
 
,
where pn is any sequence of partitions of ½0; T  converging to zero.
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namely the pathwise integration, is a priori meaningless. Given j one may of course
take a representative in the equivalence class and have a meaning for all o, but an
arbitrarity choice of the representative cannot give us any good property (even the
linearity) of the mapping j 7!SðjÞ evaluated at single points o. The existence of a
pathwise realization means that it is possible to choose representatives in such a way
that the mapping j 7!SðjÞ, evaluated at almost every given point o, is linear and
continuous.
Given two continuous semimartingales ðX tÞ and ðY tÞ in Rd , one can deﬁne the
quadratic covariation processes between their components ½X a; Ybt as
½X a; Ybt :¼P- lim
n!1
X
ti2pn
tipt
hX atiþ1  X ati ; Y
b
tiþ1  Y bti i.
One has ½X a; Ybt ¼ ½MaX ; MbY t where MX and MY are the martingale parts of ðX tÞ
and ðY tÞ (the bounded variation terms do not contribute to the quadratic variation).
The relation between Stratonovich and Itoˆ integral is now
Z T
0
hY t; dX ti ¼
Z T
0
hY t;dX ti þ
1
2
Xd
a¼1
½Y a; X aT
as one may easily check by means of the ﬁnite sums. Similar facts hold true when
Y t ¼ jðX tÞ, with the additional formula:
½X a;jbðX ÞT ¼
Z T
0
Xd
d¼1
qjb
qxd
ðX tÞd½Md; Mat,
where ðMtÞ is the martingale part of ðX tÞ.
Finally, we recall the Burkholder–Davis–Gundy inequality. For all pX1, there
exists a constant Cp40 such that
E
Z T
0
Y t dM
d
t


2p
" #
pCpE
Z T
0
jY tj2d½Mdt


p	 

,
where ðY tÞ is any continuous adapted scalar process.
Let us come to our results. Denote the Fourier transform of jðxÞ by j^ðkÞ:
j^ðkÞ :¼
Z
Rd
eihk;xijðxÞdx.
The following simple lemma will be our key ingredient and we guess it may be useful
in other contexts. It is inspired by the vision of stochastic integrals as currents (i.e. as
generalized random ﬁelds, so that it is not strange to perform their Fourier
transform) and by the computations of [7].
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t 2 ½0; T ), ðX tÞ be a continuous adapted process, and j be in D1. ThenZ T
0
hjðX tÞ; dMti ¼
Z
Rd
hj^ðkÞ; Zkidk P-a:s:; (3)
where
Zk :¼
Z T
0
eihk;X ti dMt.
A similar result holds true for ðV tÞ in place of ðMtÞ, when kVk2var 2 L1ðOÞ. Moreover, a
similar result holds true for the Stratonovich integral when ðX tÞ is a semimartingale
where the martingale and bounded variation parts satisfy the same integrability
assumptions of ðMtÞ and ðVtÞ (so in particular for X ¼ M þ V ).
Proof. We give the proof only in the ﬁrst case, since the others are entirely similar.
First notice that the mapping ðo; kÞ 7!ZkðoÞ is measurable (by the formula for the
Itoˆ integral as limit of ﬁnite sums) and the function hj^ðkÞ; Zki is jointly integrable in
ðo; kÞ, so the right-hand-side of (3) is well deﬁned. Indeed
E½jZkj2pCdE
Z T
0
d½Mt ¼ CdE½MTo1 (4)
(the last inequality is due to the assumption on ðMtÞ and Corollary 1.25, Chapter IV
of [19]) so EjZkjpðEjZkj2Þ1=2pðCdE½MT Þ1=2 and therefore
E
Z
Rd
jhj^ðkÞ; Zkijdk
	 

p
Z
Rd
jj^ðkÞjE½jZkjdk
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CdE½MT
p Z
Rd
jj^ðkÞjdk,
where the last integral converges because of the decay properties of jj^ðkÞj.
Formally result (3) is a consequence of the heuristic formulaZ T
0
hjðX tÞ; dMti ¼
Z
Rd
hjðxÞ; f ðxÞidx,
where
f ðxÞ :¼
Z T
0
dðx  X tÞdMt.
Let peðxÞ denote the heat kernel ð2peÞd=2 expðjxj2=ð2eÞÞ and let
f eðxÞ :¼
Z T
0
peðx  X tÞdMt.
Then, by stochastic Fubini theorem, [19, p. 167]Z
Rd
hjðxÞ; f eðxÞidx ¼
Z T
0
Z
Rd
jðxÞpeðx  X tÞdx; dMt
 
.
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proved)Z T
0
hjeðX tÞ; dMti ¼
Z
Rd
hj^ðkÞ; f^ eðkÞidk, (5)
where je ¼ pe  j. We also have
f^ eðkÞ ¼
Z T
0
eihk;X tip^eðkÞdMt.
Since p^eðkÞ ! 1 uniformly on compact sets of k, as e! 0, and jeðX tÞ converges
to jðX tÞ uniformly in t, P-a.s., and the convergence is dominated by a constant,
we have that f^ eðkÞ and
R T
0 hjeðX tÞ; dMti converge to Zk for all k and toR T
0 hjðX tÞ; dMti, respectively, in mean square. Therefore, ﬁrst, the l.h.s. of (5)
converges to the one of (3) in mean square. As to the r.h.s.,
E
Z
Rd
jhj^ðkÞ; f^ eðkÞ  Zkijdk
	 

p
Z
Rd
jj^ðkÞjE½jf^ eðkÞ  Zkjdk
p
Z
Rd
jj^ðkÞj
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
CdE½jf^ eðkÞ  Zkj2
q
dk.
The term E½jf^ eðkÞ  Zkj2 converges to zero for every k, and is bounded by a constant
(it is easily proved as (4)). From the decay properties of jj^ðkÞj we deduce that
hj^ðkÞ; f^ eðkÞ  Zki converges to zero in L1 with respect to ðo; kÞ so
R
Rd
hj^ðkÞ; f^ eðkÞidk
converges to
R
Rd
hj^ðkÞ; Zkidk in L1 with respect to o. This completes the proof
of (3). &
Theorem 9. Let ðX tÞ be a semimartingale in Rd of the form X t ¼ Mt þ V t as above.
Consider the stochastic 1-current SðjÞ defined by the Stratonovich integral
SðjÞ ¼
Z T
0
hjðX tÞ; dX ti
and the stochastic 1-current IðjÞ defined by the Itoˆ integral
IðjÞ ¼
Z T
0
hjðX tÞ; dX ti.
Then j 7!SðjÞ has a pathwise realization S, with
SðoÞ 2 Hs1ðRd ;RdÞ P-a:s.
for all s4d=2, and j 7!IðjÞ has a pathwise realization I, with
IðoÞ 2 HsðRd ;RdÞ P-a:s.
If in addition
½Mj ; Mi  0 for iaj and ½Mi ¼ mt for all i (6)
and for some increasing process ðmtÞ, then
SðoÞ 2 HsðRd ;RdÞ P-a:s.
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Moreover, if ðMtÞ is a square integrable martingale and kVk2var 2 L1ðOÞ, then
Sð:Þ 2 L2ðO; Hs1ðRd ;Rd ÞÞ,
Ið:Þ 2 L2ðO; HsðRd ;Rd ÞÞ
and under assumption (6)
Sð:Þ 2 L2ðO; HsðRd ;Rd ÞÞ.
Finally, except for the result under assumption (6), the same results hold true for the Itoˆ
integral
~IðjÞ ¼
Z T
0
hjð ~X tÞ; dX ti
and the analogous Stratonovich integral, when ð ~X tÞ is another semimartingale in Rd
(with integrability assumptions similar to those of ðX tÞ for the last results on
summability).
Proof. Step 1 (localized problem and basic estimates; Itoˆ integral). Let tMn be a
sequence of stopping times that localizes ðMtÞ. Let t½Mn be the one deﬁned as
t½Mn ¼ infftX0 : ½MtXng
when this set is non-empty, t½Mn ¼ T otherwise. Similarly, let tVn be deﬁned as
tVn ¼ infftX0 : kVkXng.
when this set is non-empty, tVn ¼ T otherwise. Finally, let tn be deﬁned as tn ¼
tMn ^ t½Mn ^ tVn . It localizes ðMtÞ by Doob’s stopping theorem, so ðM ðnÞt Þ deﬁned as
M
ðnÞ
t ¼ Mt^tn
is a martingale, and in addition ½MðnÞtpn. Moreover, setting V ðnÞt :¼V t^tn , we have
kVkpn. Let us set X ðnÞt ¼ M ðnÞt þ V ðnÞt and introduce the stochastic current
InðjÞ :¼
Z T
0
hjðX ðnÞt Þ; dX ðnÞt i.
By the previous lemma we have
InðjÞ ¼
Z
Rd
hj^ðkÞ; ZðnÞk idk,
where
Z
ðnÞ
k :¼
Z T
0
eihk;X
ðnÞ
t i dX ðnÞt .
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E½jZðnÞk j2p2E
Z T
0
eihk;X
ðnÞ
t i dMðnÞt


2
" #
þ 2E
Z T
0
eihk;X
ðnÞ
t i dV ðnÞt


2
" #
pCdE
Z T
0
d½MðnÞt þ CdE
Z T
0
djV ðnÞj t
 2" #
¼ CdE½M ðnÞT þ CdEjV ðnÞjTp2Cdn.
We now have
jInðjÞjp
Z
Rd
jZðnÞk j2
ð1þ jkj2Þs dk
 !1=2 Z
Rd
jj^ðkÞj2ð1þ jkj2Þs dk
 1=2
pCðoÞkjkHs ,
where
E½jCj2 ¼ E
Z
Rd
jZðnÞk j2
ð1þ jkj2Þs dkp2Cdn
Z
Rd
1
ð1þ jkj2Þs dko1
for s4d=2. Therefore CðoÞ is ﬁnite P-a.s. and Lemma 5 above applies with
E ¼ HsðRd ;Rd Þ. We have proved that the stochastic current j 7!InðjÞ has a
pathwise realization InðoÞ.
Step 2 (Stratonovich integral, general case). Consider now the stochastic current
j 7!SnðjÞ deﬁned as
SnðjÞ :¼
Z T
0
hjðX ðnÞt Þ; dX ðnÞt i.
By the relation between Stratonovich and Itoˆ integrals it is intuitively clear that we
should have the same result with one more derivative of j, i.e. the topology
Hsþ1ðRd ;RdÞ on j. Let us prove the result. We have
SnðjÞ ¼
Z
Rd
hj^ðkÞ; ZðnÞk idk,
where now we set
Z
ðnÞ
k :¼
Z T
0
eihk;X
ðnÞ
t i  dX ðnÞt .
We have
Z
ðnÞb
k ¼
Z T
0
eihk;X
ðnÞ
t i dX ðnÞbt þ
i
2
Xd
a¼1
ka
Z T
0
eihk;X
ðnÞ
t i d½X ðnÞa; X ðnÞbt,
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E½jZðnÞk j2p4Cdn þ C0d jkj2
Xd
a;b¼1
E
Z T
0
eihk;X
ðnÞ
t i d½X ðnÞa; X ðnÞbt


2
" #
.
Recall that ½X ðnÞa; X ðnÞbt is a bounded variation function and is given by
1
4½X ðnÞa þ X ðnÞbt  14½X ðnÞa  X ðnÞbt
that provides the decomposition as difference of non decreasing functions. Each of
them can be controlled by ½X ðnÞat and ½X ðnÞbt. Therefore we ﬁnally have, for a new
constant,
E½jZðnÞk j2pCdnð1þ jkj2Þ. (7)
Repeating the argument of the previous step we get
jSnðjÞjpCðoÞkjkHsþ1
with CðoÞ a.s. ﬁnite. This proves that j 7!SnðjÞ has a pathwise realization SnðoÞ,
continuous in the Hsþ1-topology.
Step 3 (Stratonovich integral, under assumption (6)). With the notations of step 2,
where we drop n for simplicity of notations, we decompose Zk in the direction of k
and its orthogonal by means of a suitable projection Pk:
Zk ¼
k
jkj2 hZk; ki þPkZk.
We have (using Itoˆ formula in the ﬁrst line [19,13], and the relation between
Stratonovich and Itoˆ integrals in the second one)
hZk; ki ¼
Z T
0
eihk;X ti  dhk; X ti ¼ ieihk;X T i þ ieihk;X 0i,
Z
b
k ¼
Z T
0
eihk;X ti dX bt þ
ikb
2
Z T
0
eihk;X ti dmt
by the assumption on the covariation, and therefore
pkZk ¼
Z T
0
eihk;X ti dðPkX tÞ.
Summarizing we have
Zk ¼
ik
jkj2 ðe
ihk;X T i  eihk;X 0iÞ þ
Z T
0
eihk;X ti dðPkMtÞ þ
Z T
0
eihk;X ti dðPkVtÞ.
It is now easy, with estimates similar to those above, to prove that
E½jZk j2pCdn.
Note that under the additional assumption (6) we do not have the factor ð1þ jkj2Þ
which appears in estimate (7). Therefore j 7!SnðjÞ has a pathwise realization
SnðoÞ, continuous in the Hs-topology.
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(the other is similar). By the locality property of stochastic integrals [19, Proposition
2.11 of Chapter IV] on the event On ¼ ftn ¼ Tg we have SnðjÞ ¼ SðjÞ a.s., for any
given j. The sequence ðOnÞ increases to O. Deﬁne SðoÞ as
SðoÞ ¼SnðoÞ for all o 2 On.
The deﬁnition is a.s. correct because Snþ1ðoÞ ¼SnðoÞ a.s. on On. Indeed, given j,
we have
Snþ1ðoÞj ¼ Snþ1ðjÞðoÞ for a.e. o 2 O
hence by the locality property
Snþ1ðoÞj ¼ SðjÞðoÞ for a.e. o 2 Onþ1
and similarly
SnðoÞj ¼ SðjÞðoÞ for a.e. o 2 On.
This proves that Snþ1ðoÞ ¼SnðoÞ a.s. on On, that the deﬁnition is correct and that
SðoÞj ¼ SðjÞðoÞ for a.e. o 2 O.
Therefore we have found a pathwise realization of S. Finally, the estimates in mean
value and the generalization to ð ~X tÞ can be obtained just by inspection in the
previous arguments and inequalities. &
Remark 10. The previous result and proof is very related to [7], although the aim is
different. The proof is also related to the one of Lemma 6 of the previous section.
Remark 11. Condition (6) is fulﬁlled for instance by the d-dimensional Brownian
motion ðW tÞ since ½W i; W jt ¼ dij t.
Remark 12. The result under assumption (6) is slightly surprising. Indeed, recall that
Hs is embedded into the space of continuous 1-forms, and Hsþ1 into the
continuously differentiable ones. Therefore the results in the general cases have a
correspondence with the fact that Itoˆ integrals are deﬁned when j is continuous and
Stratonovich one when j is continuously differentiable. But the result under
assumption (6) says that we have a well deﬁned Stratonovich integral, even pathwise
deﬁned, for all functions j 2 Hs, that are not necessarily continuously differentiable.
This result should be compared more carefully with results on stochastic integration
obtained when the processes have densities with respect to the Lebesgue measure.
We do not stress this direction here.
3.2. The case of process with Lyons– Zheng structure
The concept of process with Lyons–Zheng structure has been introduced and
studied by Lyons and Zheng [16], Lyons and Zhang [17] and Russo et al. [20], among
other references. We follow the presentation of Russo et al. [20]. We say that
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X t ¼ M ð1Þt þ M ð2Þt þ V t,
where ðM ð1Þt Þ is a continuous local martingale with respect to a ﬁltration fFtg, ðM^
ð2Þ
t Þ,
deﬁned as M^
ð2Þ
t ¼ Mð2ÞTt, is a continuous local martingale with respect to a ﬁltration
fHtg, ðV tÞ is a bounded variation process, ðX tÞ is adapted to fFtg and ðX^ tÞ is
adapted to fHtg, and ﬁnally we have
½M ð1Þa  M ð2Þa  0 for all a ¼ 1; . . . ; d. (8)
These processes arise in the theory of Dirichlet forms and relevant examples are the
reversible semimartingales. For these processes it is possible to deﬁne stochastic
integrals in the sense of Stratonovich, taking advantage of cancellations coming from
assumption (8). For all continuous 1-forms j we haveZ T
0
hjðX tÞ; dX ti ¼
Z T
0
hjðX tÞ;dM ð1Þt i 
Z T
0
hjðX^ tÞ;dM^ ð2Þt i
þ
Z T
0
hjðX tÞ;dVti, ð9Þ
where the ﬁrst two integrals on the right-hand-side are usual Itoˆ integrals. Indeed,
arguing a little bit formally (one has to repeat the computations on ﬁnite sums and
for a regularized j and prove the ﬁnal result taking the limit in probability), we haveZ T
0
hjðX tÞ; dX ti
¼
Z T
0
hjðX tÞ; dM ð1Þt i þ
Z T
0
hjðX tÞ; dMð2Þt i þ
Z T
0
hjðX tÞ; dV ti
¼
Z T
0
hjðX tÞ; dM ð1Þt i 
Z T
0
hjðX^ tÞ; dM^ð2Þt i þ
Z T
0
hjðX tÞ; dV ti.
Moreover
Z T
0
hjðX tÞ; dMð1Þt i ¼
Xd
a¼1
Z T
0
jaðX tÞdMð1Þat þ
1
2
½jaðX Þ; M ð1ÞaT
 
Z T
0
hjðX^ tÞ; dM^ð2Þt i ¼
Xd
a¼1
Z T
0
jaðX^ tÞdM^
ð2Þa
t þ
1
2
½jaðX^ Þ; M^
ð2ÞaT
 
½jaðX^ Þ; M^
ð2ÞaT ¼ ½jaðX Þ; M ð2ÞaT
and ﬁnally
½jaðX Þ; M ð1ÞaT  ½jaðX^ Þ; M^
ð2ÞaT ¼ ½jaðX Þ; M ð1Þa  M ð2ÞaT ¼ 0
by (8). This proves (9).
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X t ¼ M ð1Þt þ M ð2Þt þ V t
as above. Then the stochastic 1-current j 7!SðjÞ defined by (1) has a pathwise
realization SðoÞ, with
SðoÞ 2 HsðRd ;RdÞ; P-a:s.
for all s4d=2. If in addition
½M ð1ÞT ; ½M ð2ÞT ; kVk2var 2 L1ðOÞ,
then we also have the integrability property
Sð:Þ 2 L2ðO; HsðRd ;Rd ÞÞ.
In particular these results hold true for reversible semimartingales.
Proof. Because of (9), it is sufﬁcient to prove the result for each one of the three
addenda separately. For the last one it is true by ordinary integral calculus (recall
that HsðRd ;RdÞ is continuously embedded into the space of continuous 1-forms),
while for the ﬁrst two it is a consequence of the last claim of the previous theorem on
semimartingales. The proof is complete. &
4. Optimal regularity for Brownian currents
The next theorem proves that the above Sobolev regularity result is optimal in the
case of Brownian motion. By absolute continuity of the law the same result can be
extended to more general Brownian semimartingales but the identiﬁcation of the
largest class of semimartingales which satisfy this kind of optimality is still an open
problem.
Theorem 14. Let fX tgt2½0;1 be a d-dimensional standard Brownian motion (dX2). The
associated Itoˆ current I (or Stratonovich S) P-almost surely does not belong to
HsðRd ;RdÞ when spd=2.
Proof. We want to prove that
kIðoÞks ¼
Z
Rd
dk
ð1þ jkj2Þs jZkj
2 ¼ þ1; P-a:s.
By using the projection Pk we can identify two different contributions to this norm:
kIðoÞks ¼
Z
Rd
dk
ð1þ jkj2Þs jPkZkj
2 þ
Z
Rd
dk
ð1þ jkj2Þs jð1PkÞZkj
2
and it will be enough to show that
T :¼
Z
Rd
dk
ð1þ jkj2Þs jPkZkj
2 ¼ þ1; P-a:s.
since the other contribution is positive.
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jPkZkj2 ¼ ðd  1Þ þ 2
Z 1
0
Z t
0
cosðhk; X t  X siÞ d^X s
 
;Pk dX t
 
¼:ðd  1Þ þ Bk.
(10)
This formula has been proved in [7] and can be explained as follows: by Itoˆ formula
we have
jPkZkj2 ¼
Xd
i¼1
½ðPkZkÞi; ðPkZkÞi1
þ 2Re
Z 1
0
eihk;X tiPk
Z t
0
eihk;X si dX s
 
; dX t
 
¼ ðd  1Þ þ 2Re
Z 1
0
eihk;X tiPk
Z t
0
eihk;X si dX s
 
dX t
 
.
Due to the presence of the projection Pk the inner Itoˆ integral can be converted in a
Stratonovich integral:
eihk;X tiPk
Z t
0
eihk;X si dX s ¼ eihk;X tiPk
Z t
0
eihk;X si  dX s
since the correction term is parallel to k as can be easily veriﬁed. Forward and
backward Stratonovich integrals coincide, so we can use the backward ﬁltration of
the Brownian motion in ½0; t to perform the integral and take the prefactor
expðihk; X tiÞ inside the integral:
eihk;X tiPk
Z t
0
eihk;X si  dX s ¼ Pk
Z t
0
eihk;X sX ti  d^X s ¼ Pk
Z t
0
eihk;X sX ti d^X s,
where the last equality is again due to the fact that the correction between backward
Stratonovich and backward Itoˆ disappear in this case due to the projection. This
leads directly to Eq. (10).
Let us introduce the following approximation procedure:
T ¼ lim
e#0
Z
Rd
jPkZkj2
eejkj
2
dk
ð1þ jkj2Þs
and let
Ce :¼
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs .
Then using (10) we getZ
Rd
jPkZkj2
eejkj
2
dk
ð1þ jkj2Þs ¼ Ce ðd  1Þ þ
1
Ce
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs Bk
" #
.
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neglected (P-a.s.) with respect to the ﬁrst. To do this we estimate its L2ðPÞ norm as
follows:
E
1
Ce
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs Bk
 !224
3
5
¼ 1
C2e
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs
Z
Rd
eejqj
2
dq
ð1þ jqj2Þs E ½BkBq
¼ 2
C2e
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs
Z
Rd
eejqj
2
dq
ð1þ jqj2Þs
1 ejkþqj2=2
jk þ qj2 þ
1 ejkqj2=2
jk  qj2
" #
¼ 1
C2e
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs
Z
Rd
eejqj
2
dq
ð1þ jqj2Þs
1 ejkqj2=2
jk  qj2 ¼:Re,
where we used the fact that
E½BkBq ¼
1
4
Z 1
0
dt
Z t
0
dsE ½ðeihk;X tX si þ eihk;X tX siÞðeihq;X tX si þ eihq;X tX siÞ
¼ 1
2
Z 1
0
dt
Z t
0
ds ½ejkþqj2ðtsÞ=2 þ ejkqj2ðtsÞ=2
¼ 1 e
jkþqj2=2
2jk þ qj2 þ
1 ejkqj2=2
2jk  qj2
and the symmetry of the q-integral with respect to the change of variable q ! q.
When spd=2, Lemma 15 below states that
Ce " þ1 and Re # 0 as e # 0,
therefore by Borel–Cantelli, there exists a sequence fengn2N such that en # 0 when
n ! 1 and
1
Cen
Z
Rd
eenjkj
2
dk
ð1þ jkj2Þs Bk ! 0; P-a:s.
and then
kIksX lim
n!1
Cen ðd  1Þ þ
1
Cen
Z
Bð0;RÞ
eenjkj
2
dk
ð1þ jkj2Þs Bk
" #
¼ þ1 P-a:s.
for spd=2. &
Lemma 15. Let
Re :¼ 1
C2e
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs
Z
Rd
eejqj
2
dq
ð1þ jqj2Þs
1 ejkqj2=2
jk  qj2 (11)
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lim
e!0
Ce ¼ þ1; lim
e!0
Re ¼ 0.
Proof. LetZ 2 Z 2 2
I e ¼
Rd
eejkj dk
ð1þ jkj2Þs Rd
eejqj dq
ð1þ jqj2Þs
1 ejkqj =2
jk  qj2 .
We will ﬁnd an upper bound for I e as e! 0 and compare it with the asymptotic
behaviour of C2e . First note that, for some constant K40 (here K can be different
from line to line), we have
1 ejkj2=2
jkj2 pK
1
1þ jkj2
uniformly for k 2 Rd and that we have the Laplace-transform representation
la ¼ K
Z
Rþ
dt ta1elt
for a40 and l40 which allows us to write
I epK
Z
Rd
eejkj
2
dk
ð1þ jkj2Þs
Z
Rd
eejqj
2
dq
ð1þ jqj2Þs
1
1þ jk  qj2
¼ K
Z
R3þ
dt1 dt2 dt3 t
s1
1 t
s1
2 t3
Z
Rd
dk
Z
Rd
dq eSeðk;q;t1;t2;t3Þ
with
Seðk; q; t1; t2; t3Þ :¼½ejkj2 þ ejqj2 þ t1ð1þ jkj2Þ þ t2ð1þ jqj2Þ þ t3ð1þ jk  qj2Þ.
This quadratic form in k and q can be rearranged to give
Seðk; q; t1; t2; t3Þ ¼ aeðt1; t2; t3Þjkj2 þ beðt1; t2; t3Þjq  geðt1; t2; t3Þkj2 þ t1 þ t2 þ t3
with
aeðt1; t2; t3Þ :¼
ðt1 þ eÞðt2 þ eÞ þ ðt1 þ eÞt3 þ ðt1 þ eÞt3
t2 þ t3 þ e
beðt1; t2; t3Þ :¼eþ t2 þ t3
and
geðt1; t2; t3Þ :¼
t3
eþ t2 þ t3
.
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the Lebesgue measure on Rd gives
I epK
Z
R3þ
dt1 dt2 dt3t
s1
1 t
s1
2 t3e
t1t2t3
Z
Rd
eaeðt1;t2;t3Þjkj
2
dk
Z
Rd
ebeðt1;t2;t3Þjqj
2
dq.
After two gaussian integrations we arrive at
I epK
Z
R3þ
dt1 dt2 dt3t
s1
1 t
s1
2 t3aeðt1; t2; t3Þd=2beðt1; t2; t3Þd=2et1t2t3
as e! 0 the main contributions to this integral comes from the region of small t-s,
then uniformly in e we can bound
I epK þ K
Z
½0;13
dt1 dt2 dt3t
s1
1 t
s1
2 t3aeðt1; t2; t3Þd=2beðt1; t2; t3Þd=2
and by homogeneity of a and b:
I epK þ Ke2sþ2d
Z
½0;1=e3
dt1 dt2 dt3t
s1
1 t
s1
2 t3a1ðt1; t2; t3Þd=2b1ðt1; t2; t3Þd=2.
Now Z
½0;1=e3
dt1 dt2 dt3t
s1
1 t
s1
2 t3a1ðt1; t2; t3Þd=2b1ðt1; t2; t3Þd=2
p
Ked2s2 if s þ 14d=2;
K j log ej if s þ 1 ¼ d=2;
K if s þ 1od=2
8>><
>:
then
I ep
K if s þ 14d=2;
K j log ej if s þ 1 ¼ d=2;
Ke2sþ2d if s þ 1od=2:
8><
>:
By similar (but easier) arguments we have also
CeXK
Z
Rþ
dt ts1etðeþ tÞd=2
which gives
CeX
K if s4d=2;
K j log ej if s ¼ d=2;
Kesd=2 if sod=2;
8><
>:
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Re ¼
I e
C2e
p
K j log ej1 if s ¼ d=2;
Ked2s if d=2 1osod=2;
Ked2sj log ej if s ¼ d=2 1;
Ke2 if sod=2 1
8>><
>>:
which proves the claim. &Acknowledgements
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